Methods developed for the analysis of non-linear integrable models are used in the harmonic superspace (HS) framework. These methods, when applied to the HS, can lead to extract more information about the meaning of integrability in non-linear physical problems. Among the results obtained, we give the basic ingredients towards building in the HS language the analogue of the G.D. algebra of pseudo-differential operators. Some useful convention notations and algebraic structures are also introduced to make the use of the harmonic superspace techniques more accessible.
Introduction
As its well known, conformal symmetry and its higher spin extensions have played a central role in the study of string dynamics, statistical models of critical phenomena and more generally in two dimensional conformal field theories (CFT) [1] . These are symmetries generated by conformal spin s currents with 2 ≤ s . Some years ago, a new issue of possible extensions of the conformal symmetry to higher conformal spins was opened by Zamolodchikov [2] . Among his results, was the discovery of a new algebra, W 3 , involving besides the usual spin-2 energy momentum tensor, a conformal spin-3 conserved current. This symmetry, which initially was identified as the symmetry of the critical three states Potts model, has also been realised as the gauge symmetry of the so-called W 3 -gravity [3] . Since then higher spin extensions of the conformal symmetry have been studied intensively by using different methods: field theoretical, Lie algebraic, geometrical approach or again by using infinite matrices. W 3 -algebras and their supersymmetric extensions are also known to arise from the second Hamiltonian structure of the generalised Korteweig-de Vries (KdV)
hierarchy [4] . A common feature of the higher spin extended algebras is that they can be used to describe the underlying symmetries of non-linear integrable hierarchies [5] .
Methods developed for the analysis of integrable models can be also used to study various important physical problems. Focussing for the moment one of the important field of applications, namely the hyper-Kahler metrics building program. This is an important question of hyper-Kahler geometry (which can be solved in a nice way in the harmonic superspace [6, 7] ) a subject much studied in modern theoretical physics, more especially in connection with the theory of gravitational instantons; moduli problems in monopole physics, string theory and elsewhere [8, 9, 10] .
Following a program already started in [11, 12, 13] and which consist in using the H.S. technology to study various physical problems, we propose in the present work to build the "huge algebra" of pseudo-differential operators defined on the sphere . Such operators will be called for simplicity harmonic operators and are suspected to give rise to extended Lax operators.
To that purpose we shall follow the following steps. Introducing in (section 2) the ring of "analytic" harmonic functions, we focus in (section 3) to present the basic steps towards building, in the harmonic superspace language, the analogue of the higher conformal spin algebra of pseudodifferential operators [14] . We show in particular that any harmonic pseudo-differential operator is completely specified by an "harmonic weight" ∆ , two integers p and q = p + n, n>0, defining respectively the lowest and highest degrees and finally a finite number of analytic harmonic fields belonging to the ring R.
We introduce the space of differential operators of fixed harmonic weight and fixed degrees. This space is refereed to as
Then we consider the set of non-linear operators of fixed degrees but arbitrary harmonic weight. Finally we build the desired space and present some points to discussion.
The Ring of harmonic functions
Let us first consider the ring of functions, defined on the sphere ) 1 (
, which are assumed to expand in series of the symmetrised product of harmonic variables ) , ( [ 1 , ) (
where * R stands for the dual space of R as we will discuss latter. We can also define the following
where we have used the ± u integration rules [6, 7] 
which is a natural consequence of the standard reduction formulas [7] 
Later on, we shall introduce a degrees pairing product ( , ) and a combined 'scalar' product , , built out of the harmonic weight product Eq.(2.5) and ( , ).
Furthermore, since the harmonic weight product get induces here, Eq.(2.4) can be written as 
These kinds of functions will play the role of the analytic (conserved) fields, which are needed in the construction of Lax operators. A typical example of the analytic fields Eq(3.2) is given by
suspected to define the analogue of the KdV field of conformal spin 2, in the harmonic superspace language. The associated Lax operator (or harmonic KdV operator) is simply given by
. This KdV like operator is suspected also to play an important role in the study of Liouville theory formulated in harmonic superspace language. A natural generalisation of the Lax operator Eq(3.3) is given by
where the
) and where the p and q, with q _ p are integers that we suppose positive for the moment.
A particular example of the harmonic general Lax operator Eq(3.4) is given bysetting a=-b=q as
Using Eq(3.5) one can easily recover the form of the the harmonic KdV Lax operator, by setting just p=0 and q=2 namely
which coincides with the KdV like operator Eq(3.3) once the following choices are done
] 0 and 1
On the other hand, the harmonic derivatives D ++ in Eq.(3.4) is considered in this analysis as an operator whose action on the analytic fields of the ring R is given by
where α is some coefficient which we can explicitly determine. In order to derive explicit relations giving the action of the harmonic derivative D ++ and its higher power, on arbitrary analytic functions (Leibnitz rules) we proceed as follows. 
which gives the action of the operation (D ++ ) -1 for symmetrised u variables. As shown also in [15] 
for any function G whose components all involve − u . In order to do that, one need now to extend the definition Eq(3.9) to the operator form. Using the convention notation (2.7) we have presented in sect. (2) 
and
Having extended the definition of the operation (D ++ ) -1 Eq(3.9) to the operator form Eq(3.14) and defining the action of its inverse (D ++ ) Eq(3.13), we are now in position to generalise the obtained result to higher power of these derivatives. Lengthy and straightforward algebraic manipulations lead to following important formulas
... As shown in Eq(3.21), there is no terms at infinity and so there is no trivial way to go from standard relations to the harmonic case. The Leibnitz rules Eqs(3.20-21) give rise to local terms for both positive powers as well as for the negative powers of the harmonic derivatives. The harmonic case is then characterised by the local behaviour of its derivatives and contrary to Eq(3.22) no non local derivative is shown to appear.
Furthermore the harmonic Leibnitz rules Eqs(3.20-21) can be written for arbitrary functions belonging to the ring R as 
The harmonic space
This space defines a limiting case for the spaces of harmonic pseudo-differential operators, since it supposes to correspond to differential Lax operators of vanishing harmonic weights ∆.
The Leibnitz product * acts on the space
upon performing the standard reduction formulas Eq(2.11). Eq(3.31) can be written in general as
where the total harmonic weight ∆ 3 is given by
On the other hand one learn from Eqs(3.27) that the space
is not closed under the Leibnitz product * not under the commutator of two harmonic differential operators. Imposing the closure, one gets strong constraints on the integers m i , n i , p and q, namely
The particular space
satisfying the above constraints can exhibit then a Lie algebra structure provided that the Jacobi identity is fulfilled. Imposing to the Leibnitz product to be associative can ensure this. Note by the way the important fact that associativity in the space
is constrained to satisfy the standard reduction formulas Eqs.(2.11)., a property which is not, at first sight, easy to require as shown for example in the ring of harmonic functions.
The harmonic algebra
So far we have seen that the closure of the commutator of higher harmonic differential operators imposes constraints on the harmonic weights and on the degrees. The restriction on the harmonic weight can be overcome by using a larger set of operators referred hereafter to as
The elements D (p,q) of this infinite dimensional space are differential operators with fixed degrees (p,q) but arbitrary harmonic weights. They read as
exhibits a Lie algebra structure with respect to the commutator for 1 ≤ ≤ q p . Having introduced the harmonic weight product Eq.(2.5) as well as the harmonic degree product Eq.(3.45), we are now in position to introduce a combined product , given by The combined 'scalar' product relation Eq.(3.49) leads then to conclude that the spaces
The huge Lie algebra of harmonic operators
. The total number of these spaces is 6=3x2 depending on the values of the harmonic weight which can be positive, zero or negative and on the values (+, -) of the degrees quantum numbers. Among these spaces we note that the ones for which the quantum numbers (∆ and (p,q)) are positive with their dual having negative quantum numbers are very important in the construction of the Harmonic Gelfand Dickey Poisson bracket similarly as explicitly done in [14] .
To close this section, we summarise here bellow some algebraic properties that we have used in the previous analysis.
Conclusion and discussion
Motivated by the believe that HS methods can lead to more explore the world of integrable physical problems, we have presented in this work the basic ingredients towards building in the harmonic superspace language the analogue of the GD algebra of pseudo-differential operators. This adaptation analysis necessitates at first sight to define the "ring" of analytic functions, which should describe the analogue of the standard conserved currents. In fact, using the results of [14] , as well as the established harmonic superspace formulas Eqs(2.6,11,12), we was able to present the ring of harmonic functions, once some definitions and conventions notations are introduced. As a consequence of this construction, we have been able to describe also the space Ξ of all harmonic Lax differential operators characterised by an harmonic weight ∆ and two integers p and q describing respectively the lowest and the highest degrees. The present analysis is important also in the sense that it can leads to incorporates standard pseudo-differential calculus into the area of H.S.
A lot of important and natural physical problems can follow this analysis. Let us mention some of them.
1. Use the present analysis to discuss the general integrability procedure of the following non linear differential equations on the sphere S 
